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Abstract. The paper emphasizes asymptotic behaviors, as stability, instability, di- 
chotomy and trichotomy for skew-evolution semiflows, defined by means of evolution 
semiflows and evolution cocycles and which can be considered generalizations for evolution 
operators and skew-product semiflows. The definition are given in continuous time, but 
the unified treatment for the characterization of the studied properties in the nonuniform 
case is given in discrete time. 

The property of trichotomy, introduced in finite dimension in 1, as a natural gen- 
eralization for the dichotomy of linear time-varying differential systems, was studied in 
continuous time and from uniform point of view in [2J and in discrete time and from 
nonuniform point of view in [3], but for a particular case of one-parameter semiflows. 
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1 Notations. Definitions 

Let us consider (X, d) a metric space, V a Banach space and B{V) the 
space of all bounded linear operators from V into itself. We will denote 
Y = XxV, T = {(Mo) G R 2 , t > t > 0} and A = {(m,n) G N 2 , m > n}. 
Let K = {R : R + -> R+| R nondecreasing, R(0) = 0, R(t) > 0, Vi > 0}. 
By / is denoted the identity operator on V. Let P : Y — > Y be a projector 
given by P(x,v) = (x, P(x)v), where P(x) is a projection on Y x = {x} x V 
and x G X. 

Definition 1.1 A mapping ip : T x X — > X is called evolution semiflow on 
X if following relations hold: 

(si) ip(t,t,x) = x, V(i, x) G R+ x X 

(s2) <p(t,s,ip(s,to,x)) = ip(t,to,x),\/t > s > to > 0, x G X. 

Definition 1.2 A mapping $:TxX-» B(V) is called evolution cocycle 

over an evolution semiflow ip if: 

(ci) $(t,t,x) = I, the identity operator on V, V(t,x) G R+ x X 
(c 2 ) $(t,s,(p(s,t ,x))$(s,to,x) = ®(t,t ,x),Vt > s > t > 0, x G X. 



Definition 1.3 The mapping C : T xY — > Y denned by the relation 

C{t, s, x, v) = (ip(t, s, x), s, x)v), (1.1) 

where $ is an evolution cocycle over an evolution semiflow ip, is called skew- 
evolution semiflow on Y. 

Example 1.1 Let V = R 3 endowed with the norm 

||(wi, f 2 ,f 3 )|| = \vi\ + \v 2 \ + \v 3 \. 

We denote C = C(R + ,R + ) the set of all continuous functions x : R + — > R + , 
endowed with the topology of uniform convergence on compact subsets of 
R_i_, metrizable relative to the metric 

d{x,y) = V unde (i n (x,y) = sup |x(i)-y(i)|. 

If x G C then for all i G R + we denote x<(s) = x(t + s), xt G C. Let X the 
closure in C of the set {ft,t G where / : M + — > is a nondecreasing 

function with the property lim f(t) = I > 0. Then (X, d) is a metric space 

t— >oo 

and the mapping 

^:TxI^I, ip(t, s, x)(t) = x(t- s + t) 
is an evolution semiflow on X. The mapping <I> : T x X — > £?(V), given by 
<&(i, a, x)« = (e-^'-^M+Zo , e*- s+ ^ x M fr t; 2 , e -(*-»)*(o)+2 /„' 

is an evolution cocycle. Then C = (<p, <£) is a skew-evolution semiflow. 

Remark 1.1 If C = (ip, <3?) is a skew-evolution semiflow, then C\ = (ip, $>\), 
where A 6 R and 

$ A : T x X -> jB(V), $ A (t, to, x) = e-W-^Qit, t , x), (1.2) 

is also a skew-evolution semiflow. 



2 Nonuniform discrete exponential stability 

Definition 2.1 A skew-evolution semiflow C is said to be 
(s) stable if there exists a mapping N : R + — > Ml such that 

||*(t,t ,x)t;|| < X(s) ||*(a,to,a;)«|| , (2.1) 

for all (t, s), (s, t ) G T and all (x, v) G Y; 

(es) exponentially stable if there exist a constant > and a mapping 
N : M + -> R* + such that 

||$(t, t , x)v\\ < N(s)e- u{t - s) ||$(s, t , , (2.2) 
for all (t, s), (s, t ) G T and all (x, v) G Y. 
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Example 2.1 Let X = R + and V = R. We consider the continuous func- 
tion 

/ : R + -» [1, oo), f(n) = e 2n and / (n + = 1 
and the mapping 

$/:Txl + ^ B(R), $ f (t,8,x)v = j^e~ {t - s) v. 

Then Cf = (ip,<&f) is a skew-evolution semiflow K = M + x M over any 
evolution semiflow ip pe K_|_. As 

\<f> f (t,s,x)v\ < f(s)e~- (t - s) \v\, V(t,s,x,v) £ T x Y, 

it follows that Cf is exponentially stable. 

Definition 2.2 A skew-evolution semiflow C has exponential growth if there 
exist the mappings M, uo : R+ — > such that 

||$(t, t , < M(s)e w(s)( *- s) ||$(s, t , &MI , (2.3) 
for all (t, s), (s, to) € T and all (x, t>) G Y. 

In discrete time, the exponential stability can be described as follows. 

Proposition 2.1 A skew- evolution semiflow C with exponential growth is 
exponentially stable if and only if there exist a constant fi > and a sequence 
of real numbers (a n ) n >o with the property a n > 1, Vn > such that 

\\$(n,m,x)v\\ < a m e-^ n ~ m) \\v\\ , (2.4) 

for all (n,m) £ A and all (x,v) £ Y. 



Proof. Necessity. It is obtained immediately if we consider in relation (|2.2p 
t = n, s = to = m and if we define 

a m = N(m), meN and fi = v > 0, 

where the existence of N : M + — > and of v is given be Definition 12.11 

Sufficiency. As a first step, if t > to + 1, we denote n = [t] and no = [to]- 
Following relations hold 

n < t < n + 1, no < to < "0 + 1, no + 1 < n. 

We obtain 

\\<$>(t,t ,x)v\\ < 
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< M(n)e^ n ^- n ) ||$(n, n + 1, <p(n + 1, t , x))*(no + 1, *o, a:)v|| < 

< a n M 2 (n)e 2[w(n)+ ^e^ ( *~* o) ||v|| , 

for all (x,v) £ Y", where functions M and w are given by Definition 12.21 
As a second step, for t £ [to, to + 1) we have 

||$(t,to,a;)u|| < M(t )e w(io)( *~* o) < M(t )e' ,j{ * o)+At e^ ( ^* o) H , 

for all (x, v) € Y. 

Hence, C is exponentially stable. □ 

Some characterizations for the exponential stability of skew-evolution 
semiflows indiscrete time are given by the next results. 

Theorem 2.1 A skew- evolution semiflow C with exponential growth is ex- 
ponentially stable if and only if there exist a mapping R 6 1Z, a con- 
stant p > and a sequence of real numbers (a n ) n >o with the property 
a„ > 1, Vn > such that 

m 

R (>(*-") \\$(k, n, x)v\\) < a n R (\\v\\) , (2.5) 

k=n 

for all (m,n) € A and all (x,v) E Y. 

Proof. Necessity. We consider R(t) = t, t > 0. Proposition 12.11 assures 
the existence of a constant u > and of a sequence of real numbers (a n ) ra >o 
with the property a n > 1, Vn > 0. We obtain for /j = | > and according 
to Proposition 12.11 

m m 
^ e P(k~n) ^ x ^|| < fln ^ e p(fc-n) e -K*-n) ||$( n> ^ = 

k=n k=n 

m 

= a n \\v\\ e~^ fc ~ n ) < a n \\v\\ ,Vm,n € A,V(x,v) G Y, 
where we have denoted 

Oi n = fln,e 2 , n G N. 

Sufficiency. Let t > to + 1, to > 0. We define n = [t] and no = [to]- We 
consider C_ p = (99, 3>_p) given as in relation ()1.2p . It follows that 

22(||*_ (9 (t,t ,x)«||) =R(\\$- p (t,n,<p(n,to,x))$-. p (n,to,x)v\\) < 
< R (M(n)e^ ( '- n) ||*_ p (n, t , z)v||) < -R(M(n)e w ||*_ p (n, t , ar)v||) , 
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for all (x, v) G Y, where M and u are given by Definition 12.21 We obtain 
further for m > n 

,-t m 

/ R(\\$-. p (j,to,x)v\\)dT< Yl R(M{n)e ul \\$- p (k,to,x)v\\) < 

<AvR(H), 

for all (x, v) G Y, where (3 n = M{n)a n e u) . Then there exist N > 1 and v > 
such that 

\\®- p (t,t ,x)v\\ < Ne~ u(t - to) \\v\\ , Vt > to + 1, V(x,v) G F. 

On the other hand, for t G [to, to + 1) we have 

R(\\<f>- p {t,to,x)v\\) < R(Me" (t ~ to) \\v\fj < R (Me w ||t;||) , V(x, u) G F. 

We obtain that C_p is stable, where 

&- p (m,n,x) = e p ( m_n ) \\$(m,n, x)\\ , (m, n,x) G A x X. 

Hence, there exists a sequence (a n ) n >o with the property a n > 1, Vn > 0, 
such that 

e p(m-n) ||<j)( m) n,x)v || < a n ||v|| , V(m,n,x,v) G A x Y, 
which implies the exponential stability of C and ends the proof. □ 
If we consider R(t) = t p , t > 0, p > we obtain 

Corollary 2.1 Let p > 0. A skew- evolution semiflow C is exponentially 
stable if and only if there exist a constant p > and a sequence of real 
numbers (a ra ) n >o with the property a n > 1, Vn > suc/i t/iaf 

m 

e Mfc-n) n> X ) V \\P < Qn ^ (2.6) 

k=n 

for all (m,n) G A and all (x,v) G Y. 

Theorem 2.2 ^4 skew- evolution semiflow C is exponentially stable if and 
only if there exist a function R G 1Z, a constant 7 > a sequence of real 
numbers (ft n )n>o with the property (3 n > 1, Vn > such that 

m 

R (e^ fc ) ||$(m, fe, (p(k, n, x))*v* ||) < n R (\\v* ||) , (2.7) 

k=n 

for all (m,n) G A and all (x, v*) G X x V*. 
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Proof. Necessity. For R(t) = t, t > and 7 = | > we obtain, according 
to Definition 12,11 and Proposition 12.11 

m m 

e f ("»-*) \\<f>(m,k,<p(k ; n,x))*v*\\ < a n \\v* \\ e~^ m - k) < A»K||, 

k=n k=n 

where we have denoted 

Pn = n € N, 

1 — e 2 

where v > and the sequence of real numbers (a n ) n >o with the property 
o-n > 1) > are given by Definition 12.11 

Sufficiency. Let C_ 7 = (c / 3, ( 3?_ 7 ) be given as in relation (II. 2|) . For all 
(fc, no) G A we obtain 

i?(||$_ 7 (fc,n 0) xK||) </3 n #(||t;*||), V^Gl.V^en 

Further we have 

m m 

R(\\$-^(m,no,x)\\) < ^ R(\\$- 7 (m,k,x)\\ \\$^(k,n ,x)\\) < 

k=no k=no 

m 

< M ^ R {\\®-y(™,k,x)\\) < M 2 , 

k=no 

which implies 

M 2 

R{ $_ 7 (m,n ,a;)| ) < — , V(m,n ,x) G A x X. 

m — uq + 1 

There exist n\ > no + 1 such that 



M 2 /l 
< R 



We obtain that C_ 7 is stable. According to the proof of Theorem 12.11 it 
follows that C is exponentially stable. □ 

For R(t) = tP, t > 0, p > we obtain 

Corollary 2.2 Let p > 0. A skew- evolution semiflow C is exponentially 
stable if and only if there exist a constant 7 > and a sequence of real 
numbers (/3 n )n>o with (3 n > 1, Vn > such that 

m 

Y e m(m-k) || $ ( mj fcj ^ Wj sc))*«7* f < /?„ |b* f , (2.8) 
/or a// (m,n) G A and a// £ I x f , 
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3 Nonuniform discrete exponential instability 

Definition 3.1 A skew-evolution semiflow C is said to be 

(is) instable if there exists a mapping iV : R + — > W + such that 

JV(t) \\<Z>(t,t ,x)v\\ > ||$(s,to,a;)v|| , (3.1) 

for all (t, s), (s, to) £ and all (x, v) G V; 

(ezs) exponentially instable if there exist a mapping TV" : R + — > R+ and 
a constant ^ > such that 

iV(t) ||*(t, t ,x)v\\ > e" ( *" s) t , , (3.2) 

for all (t, s), (s, t ) G T and all (x, t>) G Y. 

Example 3.1 Let X = R + and V = R. We consider the function 

/ : R + - [l,oo), /(n) = 1 and / (n + = e 2 ™ 

and the mapping 

$/:TxR + ^ B(R), ^/(^s,^ = ^-e^v. 

J \t) 

Then Cf = (<p, $/) is a skew-evolution semiflow on Y = R+ x R over every 
evolution semiflow 99 on R + . As 

|$/(t,s,x)u| > — - e (*-«)| v |, V(t,a,a;,u) G T x Y, 

it follows that C/ is exponentially instable. 

Definition 3.2 A skew-evolution semiflow C has exponential decay if there 
exist the mappings M, w : R + — > such that 

||$(s, t , < M(t)e w W(*- s ) ||$(t, t , z)v|| , (3.3) 

for all (t, s), (s, t ) G T and all (x, v) G Y. 

In order to describe the instability of skew-evolution semiflows in discrete 
time, we will consider first the next 

Proposition 3.1 A skew- evolution semiflow with exponential decay C is 
exponentially instable if and only if there exist a constant fi > and a 
sequence of real numbers (a n ) n >o with the property a n > 1, Vn > such 
that 

||$(n, n , s)u|| < a m e~^ (m " no) ||$(m, n , x)v\\ , (3.4) 
/or a// (m,n), (n,no) G A and a/Z (x,v) G V. 
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Proof. Necessity. It is obtained if we consider in relation (|3.2p t = m, 
s = n, to = no and if we define 

a m = N(m), m€N§i/x = f>0, 

where the existence of function N : R + — * and of constant v is given by 
Definition 13.11 

Sufficiency. As a first step, we consider t > to + 1 arid we denote n = [t] 
respectively no = [to]. We obtain 

n < t < n + 1, no < to < no + 1, no + 1 < n. 

It follows that 

\\$(t,t Q ,x)v\\ = 

= ||<J>(t, n, ip(n, n + 1, x))$(n, n + 1, </?(n + 1, t , x))$(n + 1, to, a?)«|| > 

> [M(t)]- 1 e- w ( t - n )[M(t)]- 1 e- w ( no+1 - to )||*(n,no + l,s)«|| > 

[M(t)]~ 2 ^aj^n-no+l) II ^ it > e " _ c g(t-to) || w || 

iV [M(t)] 2 7Ve 2w 

for all (x, v) £ 1", where the existence of function M and of constant a; is 
assured by Definition 13.21 

As a second step, if we consider t € [to, to + 1) we obtain 

M\mt,t ,x)v\\ > e -^*-*o) || v || > e -P-+*>) \\ v \\ , 

for all (x, v) € 1". 
Hence 

iV||*(*,to,a?)«|| > e u{t ~ to) \\v\\ , 
for all (t, to, x, u) G T x y, where we have denoted 

N = Me {v+u) + M 2 Ne^ +2ui) §i v = V, 

which proves the exponential instability of C. □ 

Theorem 3.1 A skew-evolution semiflow C is exponentially instable if and 
only if there exist a function R 6 TZ, a constant p < and a sequence of real 
numbers (a ra ) n >o with the property a n > 1, Vn > such that 

m 

R (e~ p{m - k) \\§(k, n, x>||) < R (a m ||$(m, n, z)u||) , (3.5) 

fe=n 

/or a// (m, n) £ A and aZZ (x, v) £ y. 
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Proof. Necessity. Let R(t) = t, t > 0. Proposition 13.11 assures the existence 
of a constant v > and of a sequence of real numbers (a n ) n >o with the 
property a n > 1, Vn > 0. We obtain for p = — | > 

m m 

^e-rt m -*>||$(fc,n,aOt;|| < a m ^ e -p(T»-fc) e -"(m-k) ||$( m> „ } = 

k=n k=n 

m 

= a m ||$(m, n, x)v|| e~ 2 ( fc_ri ) < am ||<5(m, n, , 
for all (m, n) G A and all (x, G 1", where we have denoted 

Um = : 1 Am, m G N. 

1 — 

Sufficiency. According to the hypothesis, if we consider k = n we obtain 

fl( e -p(»»-n) ||$( n ,n,a>||) < R (o m ||*(m, n, x)v||) , 

for all (m, n,x,v) G Ax K, which implies, by means of the properties of 
function R, the exponential instability of C and ends the proof. □ 

For R(t) = t p , t > 0, p > it is obtained 

Corollary 3.1 Let p > 0. A skew-evolution semiflow C is exponentially 
instable if and only if there exist a constant p < and a sequence of real 
numbers (a n )n>o with the property a n > 1, Vn > such that 

m 
k=n 

for all (m, n) G A and aZZ (x,v) G F. 

4 Nonuniform discrete exponential dichotomy 

Definition 4.1 A projector P on V is called invariant relative to a skew- 
evolution semiflow C = (<p, <&) if following relation 

P((p(t, s, x))$(i, a, x) = s, x)P(x), (4.1) 

holds for all (t, s) G T and all x G A. 

Definition 4.2 Two projectors Pi and P2 are said to be compatible with a 
skew-evolution semiflow C = ((p, $) if 

(di) projectors Pi and P2 are invariant on Y; 

(d 2 ) for all x G A, the projections Pi(x) and P2(x) verify the relations 
Pl(x) + P 2 (x) = I and Pi(x)P 2 (x) = P 2 (x)Pi(x) = 0. 
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Definition 4.3 A skew-evolution semiflow C = (if, <J>) is called 

(d) dichotomic if there exist some functions N±, N 2 : — ► two 
projectors Pi and P 2 compatible with C such that 

\mt,t ,x)P 1 (x)v\\ < iVi(s) ||*(s,*o,x)Pi(x)t;|| (4.2) 

||$(s,t ,x)P 2 (xH < iV 2 (t) ||$(Mo,x)P 2 (xH| , (4.3) 

for all (t, s), (s, t ) G T and all (x, v) G Y; 

(ed) exponentially dichotomic if there exist functions iVi, N 2 : M+ — > R+, 
constants 1/1, f 2 > and two projectors Pi and P 2 compatible with C such 
that 

e "i(t-*) ||$(t,t ,x)Pi(x)u|| < JVi(a) ||*(a,t ,s)Pi(s)v|| (4.4) 
e «*(t-») ||$( s ,t ,x)P 2 (x)i»|| < 7V 2 (t) ||$(Mo,x)P 2 (xH| (4.5) 
for all (t, s), (s, t ) G T and all (x, v) G y. 

Remark 4.1 An exponentially dichotomic skew-evolution semiflow is di- 
chotomic. 

Example 4.1 Let X = R + and V = M 2 endowed with the norm 

11(^1,^2)11 = \vi\ + \v 2 \, v = (v 1 ,v 2 ) G V. 

The mapping $:TxI-> B(V), given by 

$(t, s, x)(vi, U2) = ( e * sin *- ssins - 2 *+ 2s Vl , e 2t - 2s - 3tcos * +3scoss v 2 ) 

is an evolution cocycle over every evolution semiflow 92. We consider the 
projectors 

Pi(x)(v 1 ,v 2 ) = (vi,0) and P 2 (x)(v 1 , v 2 ) = {0,v 2 ). 

As 

tsint - ssins - 2t + 2s < -t + 3s, V(t, s) G T, 
we obtain that 

\\^(t,s,x)P 1 {x)v\\ < e 2s e~ {t ~ s) M, V(t,s,a;,v) G T x y. 
Similarly, as 

2i - 2s - 3t cos t + 3s cos s > -t - 5s, V(i, s) G T 

it follows that 

e 6 * ||$(t,s,x)P 2 (xH| > e 5(t_a) |v2|, V(t,s,x,v) eTxY. 

The skew-evolution semiflow C = (92, 3>) is exponentially dichotomic with 
characteristics 

N(u) = e eu and v = 1. 



10 



In what follows, let us denote 
C k (t, s, x, v) = (tp(t, s, x), $ k (t, s, x)v), V(t, t , x, v ) G T x Y, V/c G {1, 2}, 
where 

$ fc (i, t , x) = *(t, t , s)P fc (s), V(t, t ) G T, Vx G X, VA: G {1, 2}. 

In discrete time, we will describe the property of exponential dichotomy 
as given in the next 

Proposition 4.1 A skew- evolution semiflow C = (<p, <£) is exponentially 
dichotomic if and only if there exist two projectors {Pk}ke{i,2}> compatible 
with C , constants v\ < < v% and a sequence of real positive numbers 
(«n)n>o such that 

K) 

||*(m,n,a;)Pi(a;)u|| < a n ||Pi(s)«|| e v ^ m ~ n > (4.6) 

(4) 

H-FfefcMI < a m ||$(m,n,x)P 2 (x)t;|| e -, * (m ~ n ) (4.7) 
for all (m,n) G A and all (x,v) G Y. 

Proof. Necessity. If we consider for C\ in relation (14. 4|) of Definition 14.31 
t = m, s = to = n and if we define 

a„ = iV(n), n G N, 

relation (d^) is obtained. 

Statement (cfe)' results from Definition 14.31 for C2 if we consider in rela- 
tion (|4.5|) t = m, s = to = n and 

a m = N(m), m G N. 

Sufficiency. It is obtained by means of Proposition 12.11 for Ci, respectively 
of Proposition 13.11 for C2 . 

Hence, C is exponentially dichotomic. □ 

Theorem 4.1 A skew- evolution semiflow C = (<p,&) is exponentially di- 
chotomic if and only if there exist two projectors {Pfc}fcg{i,2}, compatible 
with C such that 

(edi) there exist a constant pi > and a sequence of real positive numbers 
(a„)„>o such that 

m 

^Vi(fc-™) \\^(k,n,x)P 1 (x)v\\ < a n \\Pi{x)v\\ (4.8) 

k=n 
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(ed' 2 ) there exist a constant p 2 < and a sequence of real positive numbers 
(fin)n>o such that 

m 

J^ e -P2(m-fc) \\<t>(k,n,x)P 2 {x)v\\ < p m \\^(m,n,x)P 2 {x)v\\ (4.9) 

k=n 

for all (m,p), (p,n) G A and all (x,v) G Y. 

Proof. It is obtained by means of Theorem 12.11 and Theorem 13. 1\ by con- 
sidering R(t) = t, t > 0. □ 

5 Nonuniform discrete exponential trichotomy 

Definition 5.1 Three projectors {P/e}&e{i,2,3} are s& id to be compatible 
with a skew-evolution semifiow C = (p, <3?) if 

(ti) each projector Pfc, k G {1,2,3} is invariant on Y; 

(t 2 ) for all x £ X, the projections Po(x), Pl( x ) an d P 2 (x) verify the 
relations 

P 1 (x) + P 2 (x) + P 3 (x) = I and Pi(x)Pj{x) = 0, Vi,j G {1,2,3}, i ^ j. 

Definition 5.2 A skew-evolution semifiow C = (ip, $) is called 

(t) trichotomic if there exist the functions iVx, N 2 , N 3 : — » and 
three projectors Pi, P2 and P3 compatible with C such that 

||$(t,to,s)Pi(a;)u|| < Nx(s) \\$(s,t ,x)P 1 (x)v\\ (5.1) 

||*(s,to,x)i^(x)t;|| < N 2 {to) \\$(t,t ,x)P 2 (x)v\\ (5.2) 

||$(t,t ,x)P 3 (x)t;|| < N 3 (s) \\$(s,t ,x)P 3 (x)v\\ (5.3) 

^(s^c^Pa^H < N 3 (t) \\$(t,t ,x)P 3 (x)v\\ (5.4) 

for all (t, s), (s, to) G T and all (x, v) G Y"; 

(et) exponentially trichotomic if there exist the functions N\, N 2 , iV 3 , 
N4 : M + — > R+, constants z^i, ^2, ^3, ^4 with the properties 

^1 < ^2 < < ^3 < ^4 

and three projectors Pi, P2 and P3 compatible with C such that 

||$(i,to,s)Pi(x) V || <N 1 (s)\ms,t ,x)P 1 (x)v\\e^ t -^ (5.5) 

iV 4 (i) ll^^io, x)i^(a;)«|| > \Ms,t ,x)P 2 (x)v\\ e^^ (5.6) 

iV 2 (t) ||$(t,to,x)P 3 (x) W || > \\${s,t ,x)P 3 (x)v\\ e^(*- s ) (5.7) 

||*(t,t ,a;)J^(x)t;|| < 7V 3 (s) to, x)P 3 (a>|| e" 3 ^ (5.8) 
for all (i, s), (s, io) € T and all (x, v) G Y. 
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Remark 5.1 An exponentially trichotomic skew-evolution semiflow is tri- 
chotomic. 



Example 5.1 Let us consider the example of C given in Example ll.il We 
consider the projections 

Pi(x)(v) = K0,0), P 2 (x)(v) = (0,«2,0), P 3 (x)(v) = (0,0, v 3 ). 

The skew-evolution semiflow C = (<p, $) is exponentially trichotomic with 
characteristics 

v\ = v% = — x(0), u 3 = x(0) and v± = 1, 
JVi(u) = e ux{0 \ N 2 (u) = e~ 2lu , N 3 (u) = e 2ux ^ and N 4 (u) = e~ lu . 
As in the case of dichotomy, we denote 

C k (t,s,x,v) = (<p(t,s,x),<S> k (t,s,x)v), V(t,t ,x,v) G T x Y, Vk£ {1,2,3}, 

where 

$ k (t,t ,x) = $(t,t ,x)P) s (x), V(*,t )er, Vxel, Vfe6{l,2,3}. 

In discrete time, the trichotomy of a skew-evolution semiflow can be 
described as in the next 

Proposition 5.1 A skew- evolution semiflow C = (ip, <£) is exponentially 
trichotomic if and only if there exist three projectors {P k }k€{l,2,3} compatible 
with C, constants v\, u 2 , v 3 , with the property v\ < v 2 < < v 3 < U4 
and a sequence of positive real numbers (a n ) n >o such that 

(h) 

\\<S>(m,n,x)P 1 (x)v\\ < a p ||*(p, n, x)P 1 (x)v\\ e Ul( - m ~ p) (5.9) 

to) 

\\<S>(p,n,x)P 2 (x)v\\ < a m \\$(m,n,x)P 2 (x)v\\ e' vdm ~ v) (5.10) 
\\$(p,n,x)P 3 (x)v\\ <a m \\$(m,n,x)P 3 (x)v\\e- U2( - m - p) (5.11) 

(U) 

a p \\<f>(p,n,x)P 3 (x)v\\ > \\$(m,n,x)P 3 (x)v\\e- U3{m ~ p) (5.12) 
for all (m,p), (p,n) € A and all (x,v) € Y. 
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Proof. Necessity, (ti) is obtain if we consider for C\ in relation (12,2ft of 
Definition 12.11 1 = n, s = to = m and if we define 

a p = N(p), p G N and v\ = -v < 0. 

(£2) follows according to Definition 13, II for C 2 if we consider in relation (|3.2[) 
t = m, s = n, to = n o and 

a m = N(m), m G N and 2/4 = 1/ > 0. 

(£3) is obtained for C3 out of relatiom (12.30 of Definition 12.21 for t = m, 
s = p, to = n and if we define 

a m = M(m) and ^2 = — w(m) < 0, ?n G N. 

(£4) follows for C3 from relation (|3.3|) of Definition 13.21 for t = m, s = p, 
to = n and if we consider 

a p = M(p) and 1/3 = w(p) > 0, p G N. 

Sufficiency. Let £ > to + 1. We denote n = [t], no = [to] and we obtained 
the relations 

n < t < n + 1, no < to < n o + 1, no + 1 < n. 
According to (ti), we have 

||*i(*,t 0) aJ>|| < 

< M{n)e^ n){t - n) [|$(n,n + l,^(n + l,t ,x))$(n + l,to,x)Pi(x)v|| < 

< a n M 2 (n)e 2[w(n)+ ^e^ (i - io) ||Pi(x)w|| , 

for all (x,v) G Y", where functions M and w are given as in Definition 12.21 
For t G [to, to + 1) we have 

||$i(i,t ,x>|| < M(t )e w( * o){ *-* o) \\Pi{x)v\\ < 

< M(t )e w(io)+ ^e^ (t -* o) \\Pi(x)v\\ , 

for all (x, v) G Y. Hence, relation (|5.5|) is obtained. 

Let t > to + 1 and n = [t] respectively uq = [to] . It follows 

n < t < n + 1, n.o < to < no + 1, no + 1 < n. 

From (t2), it is obtained 

\\<f> 2 (t,t ,x)v\\ = 

= ||$(t, n, (p(n, n + 1, x))<fr(n, n + 1, <f(n + 1, t , x))®(n + 1, t , x)P 2 (x)v\\ > 
> [M{t)]- l e- ul{t - n) {M{t)]- l e-^ no+l - to) \\^ 2 (n,n + l,x)v\\ > 
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> [M{t)) 2 e -2u> e u(n-n +l) \\p 2 ( x ) v \\ > ^ ^(*-*o) llp^dl , 

iV ' " ~ [M{t)] 2 Ne 2 ^ 

for all G Y, where M and w are given by Definition 13.21 

For t € [to, to + 1) we have 

M \\<f> 2 (t,t ,x)v\\ > e^ - ^ \\P 2 {x)v\\ > e -(Z+") e Ht-t ) \\p 2 ( x ) v \\ , 

for all (x, v) € Y. It follows that 

JV||* 2 (i,to,x)u|| > e u{t - to) \\P 2 (x)v\\ , 

for all (t, to,x,v) G T x y, where we have denoted 

AT = Me ( ^ } + M 2 iVe ( - ?+2w) and v = v 

and which implies relation (|5.6|) . 

By a similar reasoning, from (t^) relation (j5.7[) is obtained, and from (£4) 
relation (|5.8p follows. 

Hence, the skew-evolution semiflow C is exponentially trichotomic. □ 

Some characterizations in discrete time for the exponential trichotomy 
for skew-evolution semiflows are given in what follows. 

Theorem 5.1 A skew-evolution semiflow C = ((p, <I>) is exponentially tri- 
chotomic if and only if there exist three projectors {-Pfc}fcg{i,2,3} compatible 
cu C such that C\ has exponential growth, C 2 has exponential decay and 
such that following relations hold 

(t'i) there exist a constant p\ > and a sequence of positive real numbers 
(a n ) n >o such that 

m 

^Vi(fc-n) \\<&(k,n,x)P x {x)v\\ <an\\I\(x)v\\ (5.13) 

k=n 

(t' 2 ) there exist a constant p 2 > and a sequence of positive real numbers 
(Pn)n>o such that 

m 

^ e -p 2 (fc-n) \\<f>(k,n,x)P 2 (x)v\\ < p m e~ p2(m - n) \\®{m,n,x)P 2 {x)v\\ 

k=n 

(5.14) 

(t' 3 ) there exist a constant p 3 > and a sequence of positive real numbers 
(7n)n>o such that 

m 

^ e -P3(fc-n) \\<f>(k, n ,x)P 3 (x)v\\ < 7n6 -p3(p-n) \\q>( Pj n,x)P 3 (x)v\\ (5.15) 

k=p 
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(t' 4 ) there exist a constant P4 > and a sequence of positive real numbers 
(o~n)n>o such that 

m 

^ e p4(fe-n) \\q>(k,n,x)P 3 (x)v\\ < 5 m e P4( - m - n) ||$(m, n, x)P 3 (x)v\\ (5.16) 

k=p 

for all (m,p), (p,n) € A and all (x,v) € Y. 

Proof. (t\) 43- (t^) Necessity. As C is exponentially trichotomic, Proposi- 
tion 15.11 assures the existence of a projector P, of a constant v\ < and of 
a sequence of positive real numbers (a n )n>o such (t±) holds. Let P\ = P. If 
we consider 

Pi = ~i>0, 

we obtain 

m 

k=n 
m 

< a n J2e Plik ~ n) e ul(k ~ n) \Mn,n,x)P 1 {x)v\\ = 

k=n 

m 

= a n \\Pi(x)v\\ e {pl+yi)(fc ~ n) < a n \\Pi(x)v\\ , Vm, n € N,V(x,u) € Y, 

fc=n 

where we have denoted 

ctn = a- n e 2 ; n G N. 

Sufficiency. As Ci has exponential growth, there exist constants M > 1 and 
r > 1 such that relation 

\\®(n + p,n,x)v\\ < Mr p \\v\\ , (5-17) 

holds for all n,p € N and all (a;, v) € y. If we denote uj = lnr > the 
inequality can be written as follows 

||*(m,n,x)|| < Me u(m - k) ||*(fc,n,a:)|| , V(m, fc), (fc,n) £ A, x € X 

We consider successively the m — n + 1 relations. By denoting P = Pi, we 
obtain 

||#(m, n, x)P(x)v\\ < -, ra n \\P(x)v\\ , 

11 v ' ' 1 K > 11 - l _j_ e pi _|_ _ _|_ e pi (m-n) " 11 ID 

for all (m, n) € A and all (x, v) £ y. If we define the constant 

V\ = u> — p\ pentru uj < p\ 
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and the sequence of nonnegative real numbers 

a n = Ma n , n G N, 

relation (t\) is obtained. 

Similarly can also be proved the other equivalences. □ 

In order to characterize the exponential trichotomy by means of four 
projectors, we give the next 

Definition 5.3 Four invariant projectors {-Rfc}fce{i,2,3,4} that satisfies for 
all (x, v) G Y following relations: 

(pc[) Rx(x) + R 3 (x) = R 2 {x) + R A {x) = I; 

(pc' 2 ) R 1 (x)R 2 {x) = R 2 {x)Ri{x) = §i R 3 (x)R A {x) = R 4 (x)R 3 {x); 
(pc' 3 ) \\[Ri(x) + R 2 (x)} v\\ 2 = \\Ri(x)v\\ 2 + \\R 2 (x)v\\ 2 ; 
(pc' 4 ) WiR^x) + R 3 (x)R A (x)]v\\ 2 = WR^vf + \\R 3 (x)R 4 (x)vf; 
(pc' 5 ) \\[R 2 (x) + R 3 (x)R 4 (x)]v\\ 2 = \\R 2 (x)v\\ 2 + \\R 3 (x)R 4 (x)v\\ 2 , 
are called compatible with the skew-evolution semiflow C. 

Theorem 5.2 A skew- evolution semiflow C = ((p, <!>) is exponentially tri- 
chotomic if and only if there exist four projectors {Rk}k£{i, 2,3,4} compatible 
with C, constants [A > u > and a sequence of positive real numbers (a n ) n >o 
such that 



(*?) 
(*?) 

(<2) 



$(m + p, m, x)Ri(x)v\\ < a m \\R\(x)v\\ e vp (5.18) 
11-^20*0^11 < a p \\®(rn + p, m,x)R 2 (x)v\\ e _Atp (5.19) 
||i?3(x)w|| < a p \\$(m + p,m,x)R 3 (x)v\\ e up (5.20) 



\\®(m + p,m, x)R±(x)v\\ < a m \\R A {x)v || e MP (5-21) 
for all m,p G N and aZZ (x,v) G 1". 

Proof. Necessity. As C is exponentially trichotomic, according to Propo- 
sition Ell there exist three projectors {Pk} fce{i,2,3} compatible with C, con- 
stants v\ < v 2 < < v 3 < z/4 and a sequence of positive real numbers 
(fln)n>o such that relations (|5.9|) - (|5.12p hold. 
We will define the projectors 

i?i = Pi, R 2 = P 2 , R 3 = I- Pi and R 4 = I - P 2 , 

such that 

R 3 R A = R4R3 = P3- 
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Projectors Ri, R2, R3 §i R4 are compatible with C. Let us define 
[i = 1/3 = 1^4 > 0, 1/ = — 1/1 = —1/2 > and a n = a n , n G N. 

Hence, relations (lfU8l) - (|5^11 hold. 

Sufficiency. We consider the projectors 

-Pl = ^1) -P2 = #2, ^3 = R?,Ra- 

These are compatible with C. 

The statements of Proposition 15.11 follow if we consider 

v\ = v % = —v < 0, v 3 = U4 = \i > and a n = a n , n G N. 

Hence, C is exponentially trichotomic, which ends the proof. □ 
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